Abstract. We propose a model for the folding of rock under the compression of tectonic plates.
1. Introduction. Multi-layer geological strata, subjected to the forces imposed on them by the motion of tectonic plates, display a large variety of folding patterns. These include periodic folds, chevron folds, box folds, pinch-and-swell structures, accommodation structures and many others 8, 12] . Many of these features are only understood at the level of description and a coherent theory describing the mechanisms under which they are produced is still lacking. For the simpler case of single-layer structures in which a thin layer of one type of rock is embedded in a thicker layer of a di erent rock, the observed features are more homogeneous and the resulting modeling of their formation and evolution is more straightforward. In particular, single-layer folds tend to be localized packets of oscillations with a well de ned (local) wavelength. An example of such is given in Figure 1 .1. Localized packets of oscillations have also been found in experimental setups (Figure 1.2) . In an important early analysis of the evolution of such patterns, Biot 2] modelled the thin rock layer as a thin (elastic or viscous) strut. Using this approximation and assuming linear constitutive laws and small de ections, Biot predicted the existence of space-periodic folds with a constant (spatial) amplitude. In this analysis the ratio of the wavelength of the folds to the layer thickness depends only on the materials involved and the applied load, and this fact has been widely used to match theory with experiment. However, owing to the lack of reliable data the success of this matching is variable. For an overview of the theory of single-layer folding we refer to 6, 12] The authors are grateful to the EPSRC for their funding of this project through grant GR/L17177 of the Applied Nonlinear Mathematics Initiative.
y Department of Mathematics, University of Bath, Claverton Down, Bath BA2 7AY, United Kingdom z Departments of Mathematics and Mechanical Engineering, University of Bath 1 One of the examples considered in Biot's analysis is that of a single elastic layer of rock embedded in a predominantly viscous material and subject to folding due to tectonic plate movement. This is the case we study in this paper, illustrated in Biot showed that sinusoid perturbations of a straight layer grow exponentially in time, with the growth rate being maximal at the so-called dominant wavelength. This wavelength is then assumed to be the one observed in experiments; once a perturbation with a speci c wavelength has been singled out, further developments are supposed to continue without changing this wavelength. There are two shortcomings of this reasoning which we will address in this paper. First, the analysis of Biot does not predict the existence of the localized folding patterns which are often observed in practice. Secondly, and more fundamentally, Biot's model is not a good representation of the processes which occur when a tectonic plate compresses geological strata, forcing them to fold up. Instead of acting as a constant horzontal force P, the the e ect of the plate motion is to reduce signi cantly the horizontal space occupied by the strata, in time scales that are comparable to the viscous time scales in the rock. The rock is thus forced to buckle and fold, and the force P now becomes a function of time and is implicitly determined by this end-shortening e ect.
We model the tectonic compression by supposing that during the motion of the plate, the horizontal space occupied by the rock strata is reduced by an amount g(t)
where to a reasonable rst approximation g(t) = a + bt a 0; b 0:
(1.1) Using this approximation we proceed in this paper to study the resulting rock folding patterns and the form of the horizontal load P(t). Throughout our analysis u = u(x; t) 2 is the vertical displacement of the layer and x is the horizontal variable, representing the arc length along the deformed layer, and we presume that deformations are su ciently small so that ju x j 1:
Our results di er from those in the existing literature in three signi cant ways.
First, the fold patterns predicted by our analysis are localized and decay for large x.
Secondly, the wavelength of the folds increases slowly with time and the patterns evolve in an approximately self-similar manner showing coherence between spatial and temporal evolutionary structures. Indeed we observe no preferred length scale in our model, leading to similar forms at many scales. Thirdly the patterns we describe are universal modes of long-term evolution for a wide class of initial data satisfying (1.2) .
In this paper we consider two models for the viscous material in which the thin rock layer is embedded. In the rst we consider a Winkler model (see Figure 2 .1) where the response of the viscous material is considered to be that of a localized viscous dashpot. In the second, we model the e ect of viscous layer acting over a half-space by applying the Hilbert transform to the deformation, thus taking into account the non-local response of the viscous layer. The mathematical form of these is given in formulae (2.5) and (2.6). The results and analysis for the two cases are similar. In particular, for the Winkler model of a thin elastic layer lying between two viscous layers and subject to end-shortening we prove the following result about the de ection u(x; t) and horizontal load P(t): Theorem 1.1. For large times P(t) A r log(t) t ; (1.3) and u(x; t) BP(t) ?1=4 g(t) 1=2 log(t) ?1=4 e ? y 2 = log(t) cos(y) (1.4) where y = xP(t) 1=2 (1.5) and the values of A; B and depend upon a and b in (1.1). The spatial derivative u x has the long-term behaviour u x (x; t) ?BP(t) 1=4 g(t) 1=2 log(t) ?1=4 e ? y 2 = log(t) sin(y): See Theorems 5.1 and 4.2 for exact statements.
Roughly speaking, the wavelength of the folds is proportional to t 1=4 with a logarithmic correction and P is proportional to t ?1=2 again with a logarithmic correction.
A typical such pattern of folding is given in Figure 1 .4. Observe from Theorem 1.1 that the maximum of the derivative u x is roughly proportional to t ?1=8 g(t) 1=2 . If b = 0, then this derivative tends to zero implying that the long-term limit is consistent with the approximation (1.2). However, if b 6 = 0, it represents an intermediate asymptotic description and breaks down for very large times, at which point geometric nonlinearities start to dominate the behaviour. The e ects of these form the basis of a subsequent paper. The remainder of the layout of this paper is as follows. In Section 2 we introduce the basic model for the folding of an elastic rock layer under prescribed end-shortening in both a viscous Winkler and a viscous half-space formulation. In Section 3 we show that both models are well posed and give smooth solutions which exist for all time. In Sections 4 and 5 we consider the long time behaviour of respectively P(t) and u(x; t) in the Winkler model and derive the results that are stated in Theorem 1.1. In Section 6 we repeat our calculations for the half-space model. In Section 7 we account for the existence of the logarithmic terms in (1.3), (1.4) by showing that true self-similar solutions of the model equations do not exist. Finally in Section 8 we describe a niteelement numerical method for solving the model problem and compare our numerical calculations with the asymptotic predictions.
2. The Model. Natural rock has a complex response to deformation. The shorttime, small-strain response has been extensively studied in laboratory setups, and is elastic in nature. Seismic waves are an illustration of this property. On longer time scales, and under larger strains, permanent deformation is observed, but without being easily classi ed as a simple elasto-plastic or visco-elastic behaviour. The picture is complicated by the large variety in materials and structural makeup, giving rise to a subtle interplay between microscopic and macroscopic qualities. To complete the di culties, most of the folding is spread out over long times and occurs under high pressure and temperature; material properties depend strongly on these two parameters, experimental determination under those conditions is di cult, and the actual values are usually unknown.
Facing these di culties a common choice is to treat rocks as visco-elastic materials. The time scales involved vary from hundreds to millions of years. Although naturally reliable data are di cult to obtain, it seems reasonable that both elastic and viscous e ects contribute to the structures that we observe (cf. 12], p. 302).
In a composite structure consisting of a thin layer embedded in a much thicker layer (called foundation, bedding, or matrix) we expect that the viscosities of the two materials involved will be di erent, and that there will be time scales on which we see elastic behaviour in one material and viscous behaviour in the other. It is this situation that we want to investigate here, and we therefore make the simplifying assumption that the matrix is viscous and the layer is elastic.
We envisage the following model situation. A thin elastic layer of constant thickness lies embedded in a viscous medium, with a no-slip condition at the boundary.
The rest position of the layer is a straight line, but at t = 0 the layer deviates slightly from this position, and consequently it exerts a force on the viscous medium. As the system evolves, this force causes the viscous bedding to move, and by the no-slip condition the layer moves with it.
The instantaneous initial perturbation is motivated by the elastic short-term response of natural rock. For a straight layer under parallel compression, folding typically starts with an elastic buckle which subsequently evolves slowly in a viscous manner 7, 16, 17] . Since the time scale in our modelling is that of this viscous response, the initial buckle is e ectively an instantaneous event. We intend to make a detailed study of the initial stages of the evolution in a fully visco-elastic context in a future paper.
We model the elastic layer as a thin inextensible elastic beam, that buckles under the layer-parallel force P and undergoes lateral forcing f (from the viscous foundation), as in Figure 1 .3. We de ne u, the vertical displacement, as a function of x, the curvilinear coordinate measuring arc length along the layer, and assume that the lateral force f is independent of u (f will in fact depend on u t , since the matrix is viscous).
Following ( 14] , p. 27), the total potential energy W of a given con guration is equal to W = U s + U f ? PS where U s is the strain energy of the deformed beam, U f is the potential energy associated with the force eld f, and S is the end-shortening of the beam (the di erence between original length 2L and the horizontal extent after deformation). Here the bending strain energy is given by
where EI is the bending sti ness and is the curvature, given by = u xx p 1 ? u x 2 ;
and 2L is the total length of the beam. Throughout this article we use subscripts to denote di erentiation.The foundation energy is
and the end-shortening of the beam is given by (note that x denotes arc length) This derivation assumes that the layer is long in comparison to its thickness. We shall now add an additional assumption: that the layer is also long in comparison to the displacement, i.e. that deformation is con ned to a small part of the layer. It is then reasonable to consider layers of in nite length, by setting L = 1 in the integral above. In Sections 4 and 5 we will see that solutions for the in nite layer spread out inde nitely as time tends to in nity. Obviously this will not be the case for a bounded layer; but we expect that this spreading behaviour will become apparent between the initial phase and the moment when the boundary conditions begin to be felt. Barenblatt 1] has termed this intermediate asymptotics. In order to characterize the long-term behaviour we will from now on suppose that the layer has in nite length, and that all integrals are on R.
At this stage in the modelling we also make the assumption that u x is small. This allows us to replace The equations of motion are derived by seeking a stationary point of this energy functional. This leads directly to the di erential equation
EIu xxxx + Pu xx + f = 0; ?1 < x < 1:
2) We envisage coming back to the geometrically nonlinear model (2.1) in a later publication.
We now come to the viscous matrix, which de nes the function f. We consider two di erent models: a Winkler foundation and a viscous halfspace foundation (see Figure 2 .1). The Winkler foundation consists of a continuous array of viscous dashpots, which are free to move horizontally but are constrained vertically. The halfspace is simply a compressible viscous uid that lls the halfspace delimited by the beam. In geological structures these foundations are of course on both sides of the beam; but the functions f that we derive below are independent of the side of the beam that the foundation is on, and we can therefore combine the two foundations into one without any loss of generality.
If 
We can choose either (2.3) or (2.4) to close the system. In both cases, if we specify P, the axial load, and an initial con guration u 0 , then the combination of (2.2) and the foundation relation ((2.3) or (2.4)) forms a well-posed problem. This is the model studied extensively in the literature, as mentioned in the Introduction.
In this paper we wish to investigate a di erent problem. As mentioned above, tectonic compression is assumed to be the driving force of the folding. Considering the enormous inertia of the plates involved, it seems more natural to model the folding as a prescribed end-shortening process rather than as a prescribed-P process. If we prescribe the end-shortening of the layer, then the load P needs to be determined as part of the solution.
Using the linearized form of the end-shortening S,
we can formulate this model as a system of equations in the unknowns u and P. 3 Eh 3 36000 years:
Geological time scales tend to be much longer than this, and as a consequence we expect that observed features re ect the long-term behaviour in this model. are de ned, bounded, and bounded away from zero whenever t > 0, the function has the same degree of regularity as g. Consequently P = 0 2 C n ((0; T)).
The function u mentioned in the theorem is obtained by inverting the Fourier transform in (3.4) . The regularity of u follows from the strong decay of ! 2 e ?2! 4 t+2y! 2 as j!j ! 1. The continuity of u at t = 0 follows from lim t!0 (t) = 0. Remark 3.1. It follows from the application of the Implicit Function Theorem that if g is analytic, then P is also an analytic function of t.
Remark 3.2. If u 0 2 H 3 (R), then the partial derivatives of G are both nite and non-zero at (t; y) = (0; 0), implying that the function is continuously di erentiable up to t = 0. Consequently the axial load P = 0 is continuous up to t = 0. If u 0 6 2 H 3 (R), then it may happen that P is unbounded at t = 0. This is also apparent from part 1 of the theorem below. we can view system (3.1-3.2) as a ow following the gradient of U s subject to the constraint S = g(t). Such a ow satis es an equation of the form u t = ?rU s (u) + PrS(u): where P is a Lagrange multiplier. Interpreting|formally|rU s (u) as u xxxx and rS(u) as ?u xx , we nd this equation to be identical to equation (3.1).
To make an initial estimate of the long-term behaviour we observe that equation (3.1) is invariant under the scaling t ! t; x ! 1=4 x; P ! ?1=2 P:
This invariance suggests a self-similar structure of the form u(x; t) t f(xt ?1=4 ); P Qt ?1=2 : The value of results from the constraint: if g(t) behaves like t for large t, then from (3.2) we nd that should be equal to 1=8 + =2: As an example, in the case of constant g one might expect the long-term behaviour of (3.1-3.2) to be given by a self-similar solution that follows this scaling, i.e. = 1=8: u(x; t) t 1=8 f(xt ?1=4 ); P Qt ?1=2 :
The numerical evidence points in the same direction (Figure 3.1) .
However plausible this may seem, it is not true; there exists no self-similar solution of this kind, as we show in Section 7. Although as a consequence the long-term behaviour is not self-similar, we show in the next two sections that|just like the numerical results suggest|the self-similar scaling does provide a good rst approximation. The situation is reminiscent of that in parabolic blow-up problems, where in a comparable way the blow-up pro le is approximately self-similar ( 5, 2]).
4. Long-term Behaviour: The load P. Throughout this and the following sections we shall use the notation f(t) g(t) as t ! 1 to denote that the quotient f(t)=g(t) tends to unity in the limit t ! 1; the notation f(t) = o(g(t)) as t ! 1 means that the quotient tends to zero.
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The equation (3.5) provides a convenient way of investigating the large-time behaviour of solutions. By estimating the behaviour of the integral as a function of , for large , we can express the long-term behaviour of in the long-term behaviour of g. This is in summary the content of this section. Proof. First we prove that (t)=t ! 0 as t ! 1. Suppose that this is not the case; we can then nd a sequence t n ! 1 and c > 0 such that (t n ) ct n for all t n . Using the continuity ofû 0 at zero we choose " > 0 such that jû 0 (!)j 2 1 2û 2 0 (0) for ? " < ! < ": Note that since u 0 is real,û 0 (0) = R u 0 is also real. We use the following technical lemma to make this precise. We postpone the proof of this lemma until later in this section.
To apply this lemma to (4.3) we need to show that (t) = o(t 1=2 ) as t ! 1. We showed above that the quotient (t)=t tends to zero in the limit t ! 1; consequently the same holds for (t)t ?1=2 = (t)=t, and therefore y = and p = t 1=4 ful l the requirements of the Lemma. Consequently Note that this expression is completely independent of u 0 . We will discuss the in uence of the initial data on the asymptotic behaviour in more detail later on.
Next we determine the large-time behaviour of P. Using The rst integral on the right-hand side is bounded by (2 p y=p))F n (y) and therefore is of the order o(F n (y)) as y; p ! 1; the lemma is proved if we show the same for the second integral. for some constant C > 0, which is clearly smaller than F n (y) as y ! 1. This concludes the proof of the Lemma.
In the next section the following convergence result will come in handy: This lemma could be interpreted as stating that as far as the long-term behaviour is concerned, the di erence between u(!; t) =û 0 (!)e ?! 4 t+ (t)! 2 andû (!; t) =û 0 (0)e ?! 4 t+ (t)! 2 ; is of smaller order than the norm of the solution u itself, which is equal to g(t) by de nition.
Proof. Writing the integral as t ?3=4 2) is that in the limit t ! 1 the pro le u(x; t) converges to (x; t) def = p 2C ( + 3=4) log t] ?1=4 P(t) ?1=4 g(t) 1=2 e ?y 2 =8( +3=4) log t cos y; (5.1) where y def = xP 1=2 p A xt ?1=4 log t] 1=4 and A = ( +3=4)=2 (recall that C is given in Theorem 4.2 by g(t) Ct ). Here the convergence is uniform on bounded sets in y.
To establish this we introduce the change of variables u(x; t) = P(t) ?1=4 g(t) 1=2 v(y; t):
For sake of clarity we omit the t-dependence of P, , , and g. In Fourier space,û andv are related byv (!; t) = P 3=4 g ?1=2û (!P 1=2 ; t); and by inserting equation (3.4), v(!; t) = P 3=4 g ?1=2û 0 (!P 1=2 )e ?! 4 P 2 t+P ! 2 :
The functionv now satis es the constraint 1 2 ; so that (t) û 0 (0)P 3=4 g ?1=2 as t ! 1:
As mentioned before, since u 0 is real,û 0 (0) = R u 0 is also real.
The spatial form of the asymptotic pro le is recovered by transforming back the functionẑ:ẑ (!; t) = (t)e ( which together imply that (a) r(!; t) tends to zero uniformly on compact sets as t ! 1, and (b) r(!; t) ?1=2 ! 4 ? ! 2 for all ! 2 R if t is large. We can now choose R > 0 and T > 0 large enough to have p(!) + r(!; t) 2! 2 for all t T and j!j R. We now determine an approximation to u(x; t) by using the nite-element method to give a semi-discretization of (8.1) 15]. To do this we approximate u(x; t) by the function U h (x; t) = P U i (t) i (x)+ P U xi (t) i (x). Here i and i are piecewise cubic functions de ned on a uniform mesh of spacing h def = 2L=N so that with similar entries for other ranges of i and j. The axial load P(t) is determined as part of the solution and the necessary and su cient condition comes from the integral constraint (3.2), which reads in discretized form 1 2 U T CU = g(t): (8. 3)
The system (8. 8.1. Constant end-shortening. Figure 8 .1 shows an example of the evolution of u and P from a localized initial datum. With random but localized initial data the same trends can be recognized (Figure 8.2) . The form of the asymptotic behaviour can be better appreciated in scaled coordinates. Inspired by the transformation (5.2) we plot P 1=4 u(x; t) against xP 1=2 (Figure 8.3) . In Figure 8 .4 we compare the numerically calculated solution against the pro le given by (5.1). There is a strong agreement between the two, both in amplitude and in phase, thus supporting both the asymptotic and the numerical calculations. Figure 8 .1, but with a linearly advancing end-shortening condition g(t) = (1 + t) =4 (note that R u 2 0x dx = =4). As predicted by the appearance of the factor g(t) 1=2 in (5.1) there is a stronger increase in amplitude than in the constant end-shortening case. 8.3 . Consequences of the nite-domain approximation. In the calculations described above it is obviously wise to choose a spatial domain that is large enough for boundary e ects to be negligible. Since solutions`spread out' in time, both in the original and in the scaled variables, it is to be expected that after nite time the e ect of the boundary should become noticeable. This is indeed so, but the way in which the boundary in uences the solution is strongly dependent on the choice of variables.
In the original spatial variables, the nite domain leads to a delocalization of the solution: in the course of the`spreading' evolution the boundaries create an instablity that causes the solution to jump away from the localized packet of oscillations. After this jump it quickly converges to a stationary solution that has no sign changes and is quite close to a sinusoid half-wave.
In the scaled spatial variables the in uence takes a di erent form. (Note that the two are not equivalent: xed boundaries in the scaled variable y = xP 1=2 correspond to diverging boundaries in terms of x.) Again the boundaries create an instability, but instead of leading to a stationary solution the evolution converges to what appears to be a low-dimensional invariant manifold. Finally, we were surprised to see that the instability appears at a very early stage, when the values of the solution near the boundary are very small (typically 10 ?30 ). 9 . Conclusion. The model presented here is very simple, and although in many aspects it compares favourably to established ideas in geology, the results presented here leave obvious room for extension, both in analysis and in modelling.
The long-term behaviour described in this paper is expected to apply not only to the viscous foundation of this model, but also to foundations that are visco-elastic, and also, in some cases, to geometrically nonlinear models (as explained in the Introduction). However, a long-term result begs the question of the short-term character of the model, and we hope to explore this question in the future. It should be noted that here the material properties are not irrelevant, and the di erence between a visco-elastic and a viscous foundation should be visible.
A di erent extension, one that is hinted at in recent geological literature 9], would be to consider not only the foundation but also the layer to be visco-elastic. This would change the large-time behaviour in a fundamental way, since the strain energy contained in the deformed layer can then dissipate viscously both in the foundation and in the layer. The ratio between the two viscosities is expected to be of prime importance in such a model. Again a di erent, but equally interesting extension would consist in relaxing the small-de ection hypothesis (1.2), resulting in a geometrically nonlinear model for the layer. Numerical results by Whiting and Hunt 17] show interesting behaviour, espe-cially for a relatively rapid increase in end-shortening. Here again, elastic properties could be signi cant.
Finally, the folding behaviour of multilayers is fundamentally di erent from single layers. Interestingly, interplay between elastic and viscous e ects seems to important in this case, too. We are currently investigating this question.
